METHODS 12

Concepts and techniques
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Distance travelled = 4 x 80 =320 km
Distance travelled = 7 x 35 = 245 km
Distance travelled =5 x 50 = 250 km

Area =3 x 2 = 6 units?

Area= (5 —2) x 7 =21 units’

Approximate area = 10 x 5 = 50 units?
Approximate area = 12 x 8 = 96 units?
Approximate area = (6 —2) x 25 = 100 units?
Approximate area = (3 — 1) x 4 = 8 units®

Approximate area = (7 — 1) x 6 = 36 units®

Approximate distance travelled = 8 x 60 =480 km

a

Area = %(2 +4)x6 =18 units’

Area = %(25 +10)x 500 = 8750 units’
Area = %(8 +4)x 60 =360 units”
Area = %(5 +1)x30 = 90 units”

Area = %(80 +40)x10 = 600 units”

Approximate area = %(5 - 1) x 4 = 8 units”
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Reasoning and communication
7 a Approximate area using triangle = %(12 X 30) =180 units’
b Approximate area using trapezium = %(5 +30)x12 =210 units’

8 a Area %circle = %(nrz) = 6.25m (exactly) but ~ 19.63 units?

b i Approximate area = 4.5? = 20.25 units?

I Approximate area = %(5.5 x5.5)=15.125 units’
9 a Volume ~ 7 x 300 = 2100 kL

b Volume~ %(100+400)>< 7=1750 kL

10 a Area %circle = %(nrz) = 4.5m (exactly) but ~ 14.14 unit?
b i Area ~ 3 x 6 = 18 units?

ii Area ~ %(6x3):9unitsz

iii Average area = %(18 +9) =13.5 units’
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Concepts and techniques

1 a The approximate area under the curve y = x*> + 2 between X = 1 and X = 2

=0.5xf(1)+0.5xf(1.5) wheref(x)=y

]

=2

Approximate area = 0.5 x 3 + 0.5 x 4.25
= 3.625 units®
The approximate area under the curve y = 2x* between X = 2 and X = 4

= 0.5xf(2)+0.5xf (2.5 +0.5xf(3)+0.5xf (3.5) where f (x) =y
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Approximate area = 0.5 x 32 + 0.5 x 78.125+ 0.5 x 162 + 0.5 x 308.125
= 286.125 units?

© Cengage Learning Australia 2014 ISBN 9780170254663



c The approximate area under the curve y = x> between X = 1 and X =5

—Ixf()+1xf@2)+1xf3)+1xf(4)wheref(x)=y
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Approximate area=1x1+1x 8+ 1x27+ 1 x 64
= 100 units?
d The approximate area under the curve y = x> between X =0 and X = 1
=02xf(0.2)+02xf(0.4)+0.2xf(0.6)+0.2xf(0.8)+0.2xf(1)
where f (X) =y
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Approximate area = 0.2 x 0.04 + 0.2 x 0.16 + 0.2 x 0.36 + 0.2 x 0.64 + 0.2 x 1
= 0.44 units?

© Cengage Learning Australia 2014 ISBN 9780170254663



e The approximate area under the curve y = 4x — X*> between X = 1 and X = 4
=1 xf()+1xfQ2)+1xf(3)wheref(x)=y

¥
15
14
13
12
11
10
9_
S_
';-‘_
6_
5_

4 — —

34 -
24 -

1_

Approximate area=1x3+1x4+1x3

= 10 units’
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2 a The approximate area under the curve y = 2* + 3 between X =0 and X = 3
=05xf(0.5)+05xf(1)+0.5xf(1.5)+0.5xf(2)+0.5xf(2.5) +0.5xf(3)
=05[f(0.5)+f(1)+f(1.5)+fQ2)+f(2.5)+f(3)] where f(X)=y
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Approximate area = 0.5[2°°+3 +2'+3 +2!1°+3+22+3 + 229+ 3 +2°+ 3]
~ 0.5[23.899 + 18]
=20.95 units®

b The approximate area under the curve y = 1 between X =2 and X =6
X

=2 x f(2) + 2 x f(4) where f(X) =y
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Approximate area = 2 x % +2 x 1

= 1.5 units®
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c The approximate area under the curve y = v/x+1 between X =3 and x =7
=1xf(3)+1xf(4)+1xf(5)+1xf(6) where f(x) =y
Y
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Approximate area = 2+ V546 +4/7

= 9.33 units®
d The approximate area under the curve y = \/9——)(2 between X =0 and X =3
=0.5 xf(0) + 0.5 x f(0.5) + 0.5 x f(1) + 0.5 x f(1.5) + 0.5 x f(2) + 0.5 x f(2.5)
= 0.5[f(0) +f(0.5) + f(1) +f(1.5) +f(2) + f(2.5) ] where f(x) =y
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Approximate arca = 0.5(+/9 ++8.75 ++/8 +1/6.75 ++/5 +42.75)

= 7.64 units?
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e

X+1

The approximate area under the curve y = 2 between X =1 and X =4
=1 xf(2) +1xf(3) + 1 x f(4) where f(x) =y
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Approximate area = 1(2 i 2}

= 1.57 units?
3 a

The approximate area under the curve y = cos (X) between X = 0 and X =

n
2

= T 5 50)+ X x£(0.5)+ L x f(1) where f(x) = y
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Approximate area = 0.5[cos (0) + cos (0.5) + cos (1)]
~ 1.2388 units?
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b Assume the domain is 0 <X < g ~ 1.570 796, 1.570 796 + 20 = 0.078 5398

Width = 0.078 5398 = 0.08 units

Counter |x y=cosx
1 0 1
2 0.078 5398 | 099691734
3 0.1570796 | 0.987 688 35
4 02356194 | 0972369 93
3 03141592 | 09510536 54
6 0392699 | 092387956
7 04712388 | 0.891006 57
8 03497786 | 0.85264022
9 06283184 | 0.8B09017 07
10 0.706 8382 | 0.760406 06
11 0.785398 | 0.707 1069
12 08639378 | 0.649448 19
13 09424776 | 0.587 785 41
14 10210174 | 0522498 75
15 1.099 5572 | 0.453 9907
16 1.178097 | 0.382683 66
17 1.256 6368 | 0.309017 24
18 13351766 | 023344563
19 14137164 | 0.136434 76
20 1570796 | 0.03267
sum = 13.225 8523

Area =0.078 5398 x 13.225 8523 = 1.038 756 units®
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4 a i y = x* between X = 1 and X = 2 using two rectangles.

y

()]

—_— N W B
\

1 2 3X

Approximate area = 0.5 x f (1) + 0.5 x f (1.5) where f (X) =y
=0.5+1.125
= 1.625 units?

D W R W

1 2 3X

Approximate area = 0.5 x f (1.5) + 0.5 x f (2) where f (X) =y
=1.125+2
= 3.125 units?
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iii 1+20=0.05
Width = 0.05 units

Counter y=xi
1 1 1
2 1.05 1.1025
3 1.1 121
4 1.15 1.3225
5 12 1.44
6 1.25 1.5625
7 13 1.69
8 1.35 1.8225
9 14 1.96
10 145 2.1025
11 1.5 2.25
12 1.55 2.4025
13 1.6 2.56
14 1.65 27225
15 1.7 2.89
16 1.75 3.0625
17 18 324
18 1.85 34225
19 19 3.6l
20 1.95 3.8025
sum=  45.175

Area = 0.05 x 45.175 = 2.258 75 units®
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2.25875

1.05] 1.1025

1.1 1.21

115 1.3225

12 1.44

v!l

# File Edit Graph Calc

ro
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A B

c

12.25875

1.1025

1.21

1.3225

1.44

1.5625

1.69

1.8225

[E=1R-20 i =l RS DR R g

1.96

10 | 2.1025

11 2.25

12 | 2.4025

13 2.56

14 2.7225

15 2.89

16 3.0625

[v]x

B2
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b y = X? + 2X between X = 0 and X = 4 using four rectangles.
i Approximate area= 1 xf(0)+ 1 xf(1)+ 1 xf(2)+ 1 xf(3)where f (X) =y
=0+3+8+15

= 26 units’

- /‘

=}

(=}

I Approximate area = 1 x f(1) + 1 x f(2) + 1 x f(3) + 1 x f(4) where f(x) =y
=3+8+15+24

= 50 units’
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ii 4+20=0.2

Width=0.2
Counter y=xt+2x
1 0 0
2 0.2 0.44
3 04 0.96
4 0.6 1.56
3 08 224
6 1 3
7 1.2 384
8 14 476
9 1.6 3.76
10 1.8 6.84
11 2 8
12 2.2 924
13 2.4 10.56
14 26 11.96
15 2.8 1544
16 3 15
17 3.2 16.64
18 34 1836
19 3.6 20.16
20 38 22.04

sum = 174.8

Area= 0.2 x 174.8 = 34.96 units>
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1 0 0 34.96

2 0.2 0.44
3 0.4 0.96
4 0.6 1.56
> 0.8 224
c2 ‘ “ l =

£ File Edit Graph Calc

%i%l B |A@I |7[EEHHMH|VFE:

A B C
1 0| 34.986
2 0.44
3 0.96
4 1.56
5 2.24
6 3
7 3.84
8 4.76
9 5.76
10 B.84
11 8
12 9.24
13 10.56
14| 11.986
15 13.44
16 15
[v]X
B2 ]
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c y = x> + 1 between X = 0 and X = 2 using two rectangles.

i Approximate area = 1 x f(0) + 1 x f(1) where f(x) =y

=142
= 3 units’
y
) r
|
|
J /
/
/
1 1 2 30X

I Approximate area = 1 x f(1) + 1 x f(2) where f(X) =y

=249
= 11 units’
y
. :
|
/
J /
/
/
1 1 2 3 X
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ii 12 +20=0.1

Width = 0.1
Counter y=x+1
1 0 1
2 0.1 1.001
3 02 1.008
4 03 1.027
3 04 1.064
6 03 1.125
7 06 1216
8 0.7 1343
9 08 1.512
10 09 1.729
11 1 2
12 11 2331
13 12 2728
14 13 3.197
15 14 3.744
16 15 4375
17 16 5.096
18 1.7 5913
19 18 6832
20 19 7.859
sum = 56.1

Area=0.1 x 56.1 = 5.61 units?
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1 0 1 5.61

2 0.1 1.001
3 0.2| 1.008
4 03| 1.027
5 04| 1.064
c2 ‘ “ | [

£+ File Edit Graph Calc

't s A ]=] ][]~
i

|
A B
5

1 1 .61
2 1.001
3 1.008
4 1.027
9 1.064
6 1.125
7 1.216
8 1.343
9 1.512
10 1.729
11 2
12| 2.331
13| 2.728
14| 3.197
15| 3.744
16 | 4.375
[v]x
B2 Lo
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d y = X*— X — 2 between X = 2 and X = 4 using four left rectangles.

. 1 1 1 1 1
i Approximate area= — xf(2)+ —=xf|2— |+ = xf(3)+ =xf
pp 5 (2) 5 ( 2) 5 3) 5

[

3L

where f(X) =x*—x-2

=0+0.875+2+3.375
=6.25

I y =X* - X —2 between X = 2 and X = 4 using four right rectangles.

: 1 1 1 1 1 1
Approximate area= —x f | 2— |+ —x f(3)+ —xf|3— |+ —x f (4
bp 2 ( 2) 2 (3) 2 ( 2) 2 (4)

=0.875+2+3.375+5
= 11.25 units?
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ii 2+20=0.1

Width = 0.1 units

Counter y=x—x-—
1 2 0

2 21 031
3 22 0.64
4 23 0.99
3 24 1.36
6 25 1.75
7 26 2.16
g 27 239
9 28 3.04
10 29 351
11 3 4

12 3l 451
13 32 5.04
14 i3 559
15 i4 6.16
16 35 6.75
17 i6 7.36
18 37 799
19 38 8.64
20 39 931

sum = 81.7

Area= 0.1 x 81.7 = 8.17 units?
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*Unsaved —

1 2 0 8.17

2 2.1 0.31

3 2.2 0.64

4 2.3 0.99

5 2.4 1.36
c2 ‘ 4 l 4

£ File Edit Graph Calc

|
A B
8

(el e Ta = e um] 1>
C

1 o[s8.17
2 | 0.31
3 | 0.64
4 0.99
5 1.36
6| 1.75
7 2.16
8§ | 2.59
9 | 3.04
10| 3.51
11 1
12| 4.51
13| 5.04
14| 5.59
15| 6.16
16| 6.75
=0. 1-sum(A1:420) [v]X
B1 8.17 - @
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e y = e* between X = 0 and X = 5 using five rectangles.
i Approximate area=1xf(0)+ 1 xf(1)+1xf(2)+1xf(3)+1xf(4)
=e’ +e! +e? +ed+e!

= 85.79 units’

Sa

S
T —

Sa}

A
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I y = e* between X = 0 and X = 5 using five rectangles.
Approximate area=1 xf(1)+ 1 xf(2)+1xf(3)+1xf(4)+1xf(5)
=el+e?+el+et+e
= 233.20 units?

Sa

S
T —

S4)
T~
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ii y = e* between X = 0 and x = 5 using 20 left rectangles.
Width =5 +20=0.25

Counter y=e
1 0
2 0.25 1.284025
3 05 1648721
4 0.75 2117
5 1 2718282
6 125 3490343
7 15 4481689
8 1.75 5.754 603
9 2 7.389056
10 225 Q487736
11 23 1218249
12 275 1564263
13 3 2008554
14 325 2579034
15 33 33.11545
16 375 4252108
17 4 5459815
18 425 70.105 41
19 45 90.01713
20 475 1155843
sum = 515.014

Area=0.25 x 519.04 = 129.75
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*Unsaved <

0 1| 129.753

2 0.25| 1.28403

3 0.5 164872

4 0.75 2117

. 1.| 2.71828 S
c2 ‘4 | =
£+ File Edit Graph Calc
P e [a =[]+ ]

A B C

1 1[129.753

2 |1.28403

3 |1.64872

4 |2.11700

5 |2.71828

6 |3.49034

7 |4.48169

8 |5.75460

9 |7.38906

10 9. 48774

11 [12.1825

12 [15. 6426

13 [20. 0855

14 [25.7903

15 [33.1155

16 [42.5211

=0. 25-sum (A1:A20) [v]X
B1 129.7534925 I
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y = x* between X = 1 and X = 2 with 4 rectangles
1+4=025
The right-value for the first rectangle is 1 + 0.25 = 1.25, so its midpoint is 1.125.
Area =~ 0.25 x f(1.125) + 0.25 x f(1.375) + 0.25 x f(1.625) + 0.25 x f(1.875)
=0.25 [f(1.125) + f(1.375) + f(1.625) + f(1.875)]
= 2.328 units®
b y = X’ between X = 0 and X = 1 with 5 rectangles
1+5=02
Area~ 0.2 x f(0.1) + 0.2 x f(0.3) + 0.2 x f(0.5) + 0.2 x f(0.7) + 0.2 x f(0.9)
=0.2 [f(0.1) +f(0.3) + f(0.5) +f(0.7) +f(0.9)]
= (.2446 units?
c y = 2x*> + 3 between X = 0 and X = 2 with 4 rectangles
2+4=05
Area =~ 0.5 x f(0.25) + 0.5 x f(0.75) + 0.5 x f(1.25) + 0.5 x f(1.75)
= 0.5[ 1(0.25) +f(0.75) + f(1.25) + f(1.75)]
=0.5[3.125 + 4.125 + 6.125 + 9.125]
= 1.25 units®
d y = x> — 1 between X = 2 and X = 6 with 8 rectangles
4+8=0.5
Area =~ 0.5 x f(2.25) + 0.5 x f(2.75) + 0.5 x f(3.25) + ... + 0.5 x f(5.75)
=0.5[f(2.25)+f(2.75) +f(3.25) +..... +1(5.75)]
= 65.25 units®
e y = sin (X) between X = 0 and x = 1 with 10 rectangles
Width of interval Ax=1+10=0.1
Midpoints from x = 0 are 0.05, 0.15, ..., 0.95
Area =~ 0.1 x f(0.05) + 0.1 x f(0.15) + 0.1 x f(0.25) + ... + 0.1 x f(0.95)
=0.46
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6 a Find the approximate area under the line y =X — 1 between X =1 and x =4

by using 3 centred rectangles.

y

g
I

i

w

Area~ 1 x f(1.5)+ 1 x (2.5) + 1 x f(3.5)
=05+15+25
= 4.5 units®

b Using geometry

y

W

w

Area of the triangle = 0.5 x 3 x 3

= 4.5 units®
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Reasoning and communication

7 Find an approximation to the area under the curve y = X> + 1 between X = 0 and X = 2 by

using the sum of each trapezium.

b}

}-‘:.t2+1

Area=T;+ T,

N |~

[£(0)+ f(l)]x1+%[f(1)+ F()]x1

(1+2)><1+%(2+5)x1

N |~

= 5 units®
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8 a Find the approximate area under the curve y = % between X = 1 and x = 2.
X+

05

04

03

01

1 2 3 X

i 4 left rectangles, Ax = 0.25. Use points 1, 1.25, 1.5, 1.75
Area ~ 0.25[f (1) +f (1. 25) +f(1.5) +f(1.75)]
= 0.298 units?
i 4 right rectangles, Ax = 0.25. Use points 1.25, 1.5, 1.75, 2
Area =~ 0.25[f (1. 25) +f (1.5) +f (1.75) +f (2)]
= (.278 units?
i 4 centred rectangles, Ax = 0.25. Use points 1.125, 1.375, 1.625, 1.875
Area = 0.25[f (1.125) +f (1.375) +f (1.625) + f (1.875)]
= (.288 units?

b Area trapezium = %[ f(1)+ f(2)]x1

1{1 1
=—| —+—|x1
2\3 4
7 . 5
=— =0.292 units
24
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c Find the area using 50 centred rectangles. AX = 0.02

1 1
y=—" | S
Counter x+2 Counter 2+
1 101 | 0332226 26 151 |02849
) 103 | 0330033 27 153 | 0283286
3 105 | 0327869 28 155 | 028169
4 107 | 0325733 29 157 |0280112
5 109 | 0323625 30 159 |0278552
6 111 | 0321543 31 161 | 0277008
7 113 | 0319489 32 163 | 0275482
8 115 1031746 33 165 |0273973
9 1.17 0.315 457 34 1.67 0.272 48
10 119 031348 35 169 |0271003
11 121 0311526 36 171 | 0.269542
12 123 | 0309598 37 1.73 | 0.268 097
13 125 | 0307692 38 175 | 0.266667
14 127 1030581 39 177 | 0265252
' 155 10303951 10 179 | 0263852
' METF 2
16 131 |os02115 | | M 181 | 0262467
A% ]
17 133 | 03003 42 1.83 | 0.261097
: 3 239 7-
18 135 [0298507 | | 185 025974
4 25
19 137 | 0296736 4 1.87 0258398
_ 15 189 | 0257069
20 139 | 0294985
— 16 191 | 0255754
21 141 | 0293255
__ 47 193 | 0254453
22 143 | 0291545
18 195 | 0253165
23 145 | 0289855
19 197 |0251889
24 147 | 0288184
50 199 | 0250627
25 149 | 0286533
sum=  14.384 06

Area=0.02 x 14.384 06 = 0.287 68 units®
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A lake has an irregular surface as shown below and an average depth of 850 metres.

I

T N

)
II \
|
™)
| \
1
[ f
)
\[25km |36km |+2E™ |58km (61km |sgpn [3akm [P0 |
N /|
\_‘_h /

| .
A\ -

“ﬂ"'-—_
0.1 km—

Area~ 0.1 x[2.5+3.6+42+58+6.1 +5.6+3.4+0.9]

=0.1 x32.1

=3.21 km’

b Volume = area of top x average depth

=3.21 x0.85
=2.7285 km’®
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Concepts and techniques

1 a y = x> + X between X = 0 and X = 3 using 6 left rectangles.
1 /
15 /
/
/
10 /
/
> /
/]
1 2 -3 4 X

AXx=0.5. Use points 0, 0.5, 1, ..., 2.5
Area~ 0.5[f(0) +f(0.5)+f(1)+..+f(2.5)]
=10.625 units®
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b y =x3+ 1 between x = 0 and x = 5 using 10 right rectangles.

y

\\\
~—

™~

BENuwbdbgoss BBEBS

—
1 2 3 4 5 6 X

Ax =0.5. Use points 0.5, 1, ..., 5
Area~ 0.5[f (0.5) +f (1) +... +f(5)]
= 194.06 units?
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c y =x*—1 between X = 1 and X = 3 using 8 left rectangles
AXx=0.25. Use points 1, 1.25, 1.5, ..., 2.75
Area =~ 0.25[f (1) +f(1.25) + ... +(2.75)]
= 5.69 units®

d y = x* between x = 0 and X = 6 using 6 left rectangles
Ax=1. Use points 0, 1, 2, ..., 5
Area~ 1 x[f(0)+f(1)+f(2)+...+f(5)]
=979 units?

e y = sin (X) between X = 0 and X = 3 using 6 right rectangles
AXx=0.5. Use points 0.5, 1, 1.5, 2,2.5, 3
Area~ 0.5 x [f(0.5) +f (1) +f(1.5)+...+f(3)]

= 1.98 units?

2 a  [¢+2d

Ax=0.125
Use points 1.0625, 1.1875, 1.3125, 1.4375, 1.5625, 1.6875, 1.8125, 1.9375
Area ~ 0.125 x [f (0.0625) +f (0.1875) + f (0.3125) + ... + f (0.9375)]

= 4.33 units®

44
b L 2x*dx
AX=10.25
Use points 2.125, 2.375, 2.625, 2.875, 3.125, 3.375, 3.625, 3.875

Area ~ 0.125 x [f (2.125) + f (2.375) + f (2.625) + ... + f (3.875)]
= 395.6 units’
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(@]

f x>dx

AX=10.5

Use points 1.25, 1.75, 2.25, 2.75, 3.25, 3.75, 4.25, 4.75

Area ~ 0.125 x [f (1.25) +f (1.75) + f (2.25) + ... + f (4.75)]
= 155.25 units®

d L7\/x+1 dx

Ax=10.5
Use points 3.25, 3.75, 4.25, 4.75, 5.25, 5.75, 6.25, 6.75
Area~ 0.5 x [f(3.25) +f(3.75) +f(4.25) + ... + £ (6.75)]

=9.75 units?
e f(xz +4x)dx

Ax=1. Use points 1.5, 2.5, 3.5, ..., 8.5
Area~ 0.5 x [f(1.5)+f(2.5)+f((3.5) +...+f(8.9)]
= 402 units®

3
3 a jo (2" +3)dx

Ax=0.5. Use points 0.5, 1, 1.5, ..., 2.5
Area~ 0.5 x [f(0.5) +f (1) +f(1.5)+..+f(3)]
= 20.95 units?

b E%dx

AXx =0.5. Use points 2.5, 3, 3.5, ..., 5
Area~ 0.5 x [f(2.5) +f(3) +f(3.5) +... +f(5)]

= (.845 units’
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C I;x/9—x2dx

AXx=0.5. Use points 0.5, 1, 1.5, ..., 3

Area ~ 0.5 x [f (0.5) + (1) +f (1.5) + ... +f (3)]

= 6.14 units?

d 7idx
1 x+1

Ax=1. Use points 2, 3, 4, ..., 7
Arca~ 1 x[f(2)+f(3)+f4) +..+f(7)]

= 2.436 units’
6 3
e IO (x* +2) dx

Ax=1.Usepoints 1, 2,3, 4,5, 6
Arca~ 1 x[f(1)+f(2)+f(3) +..+1(6)]

= 453 units®

T

4 J‘OE cos(x)dx
Ax=2 Use points 0, r
4 4

I I
Area - x [F(0)+ ()]

= {1+L} units?

NG

A3
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5 a I32x3dx, AX = 3 0.2
0 15

width = 0.2

Counter y=2x

1 0 0

2 02 0.016

3 04 0.128

4 06 0432

5 08 1.024

6 1 2

7 12 3456

8 14 5.488

9 16 £.192

10 18 11.664

11 2 16

12 22 21.296

13 24 27648

14 26 35.152

15 28 43.904
sum = 176.4

Area= 0.2 x 176.4 = 35.28 units?

© Cengage Learning Australia 2014
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*Unsaved —

® " x B height |[area |P '
1 0 0 0. 3528

2 02| 0.016/ 0.0032

3 04| 0.128| 0.0256

4 06| 0432 0.0864

> 08| 1.024] 02048
D2 ‘ 4 I 4

£+ File Edit Graph Calc

%i%| B |A&|

=[ [~

A B C
1 0[ 35.28

2 | o.016

3 | 0.128

4 | 0.432

5| 1.024

6 2

7 | 3.456

8 | 5.488

9 | 8.192

10 | 11.664

11 16

12 | 21.296

13 | 27.648

14 | 35.152

15 | 43.904

16

=0. 2-sum(A1:A15) [v[Xx

B1 35.28

© Cengage Learning Australia 2014
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4 3
b x> +2)dx, AXx=—=0.2
o+ T

width = 0.2

Counter y=x+12

1 1 3

2 12 344

3 14 396

4 16 456

5 18 524

6 2 6

7 22 6.84

g 24 1.76
26 8.76

10 28 084

11 3 11

12 32 12.24

13 34 13.56

14 i6 1496

15 38 16.44
sum=  127.6

Area= 0.2 x 127.6 = 25.52 units?
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TI-Nspire CAS

*Unsaved =

E height ©area |Dtotal '
1 3 06| 2552
2 12 344, 0688
3 1.4 396 0.792
4 16 456/ 0912
5 1.8 524/ 1.048
D2 [ 4 \ b
ClassPad

£ File Edit Graph Calc

A B o [a]

1 3[ 25.52

2 3.44

3 3.96

1 4.56

5 5.24

6 6

7 6.84

8 7.76

9 8.76

10| 9.84

11 11

12| 12.24

13| 13.56

14| 14.96

15| 16.44

16 B
DS O
=0. 2-sum(A1:A15) [vIX
B1 25.52 L
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6 width = 0.5

X2

Counter | x x+1
1 2 0
2 25 0.142 86
3 3 0.25
4 35 033333
5 4 04
6 45 045455
7 5 0.3
8 3.3 0.33846
9 6 0.37143
10 6.3 0.6
5.11 7 0.625
12 75 0.64706
13 8 0.66667
14 85 068421
15 9 0.7
16 95 0.71429
17 10 0.72727
18 105 0.73913
19 11 0.75
20 115 0.76

sum=  10.80425

Area=0.5 x 10.804 25 = 5.402 units®
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TI-Nspire CAS

*Unsaved <=

® A x B height | area [P total i

2 0 0.| 5.40213
2 2.5/0.142857| 0.071429
3 3. 0.25| 0.125
4 3.5/0.333333| 0.166667
> 4, 04 02

ClassPad

£ File Edit Graph Calc
il B | A2 v[l':n:'l][ﬂl] v
A B C

0

0p. 40213 u
0.14286
0.25
0.33333
0.4
0. 45455
0.5
0.53846

0.57143
0.6
0.625
0.64706
. 66667
0.68421
0.7

0.71429 (v]
X
am

=

[y Y g S . .
| 01| | | | | | 2| 90| =1 0| 0| | 00| B[ =

DS O
=0. 5-sum (A1:A20) v

B1 5.402125467
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7

© Cengage Learning Australia 2014

“(X = 1)dx, AX = —— = 0.1, so width = 0.1
J =

Counter y=xt—-1
1 1.1 0.21
2 12 0.44
3 13 0.69
4 14 0.96
3 15 1.25
6 16 1.56
7 1.7 1.89
8 18 224
9 19 261
10 2 3

11 21 341
12 22 3.84
13 23 429
14 24 476
15 25 5.25
16 26 3.76
17 2.7 6.29
18 28 6.84
19 29 741
20 3 8

21 3.1 g.61
22 32 924
23 33 0.89
24 34 10.36
25 35 11.25

Area=0.1 x 684.25 = 68.425 units®

Counter y=x-1
26 36 11.96
27 37 12.69
28 38 13 44
29 39 14.21
30 4 15

31 41 15.81
32 42 16.64
33 43 17.49
34 44 18.36
35 45 19.25
36 46 20.16
37 47 21.09
38 48 22.04
39 49 23.01
40 3 24
41 5.1 25.01
42 5.2 26.04
43 53 27.09
44 54 28.16
45 3.5 2925
46 5.6 3036
47 5.7 3149
48 5.8 32.64
49 5.9 33.81
50 6 35

sum=  684.25
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Reasoning and communication

: o 2 :
8 a Find an approximation to IO x’dx using 8 centred rectangles.

AX =0.25. Use points 0.125, 0.375, 0.625, ..., 1.875
Area ~ 0.25 x [f (0.125) +f (0.375) + 1 (0.625) + ... + T (1.875)]

= 3.97 units?

*Unsaved <

A E hej C D
*-0 X height area total L

-1.98| -7.76239|-0.3104... 0.
-1.94| -7.30138|-0.2920...

-1.9]  -6.859| -0.27436
-1.86| -6.43486|-0.2573...

-1.82| -6.02857|-0.2411...
D2 ‘ 4 \ .4

& File Edit Graph Calc
il s [w[=]- [Tl T
A B C
-7.7624 0
-7.3014
-6.859
-6. 4349
—6. 02886
-5. 6398
-5. 2680
-4.913
-4.5743
10 -4.2515
11 -3.9443
12 -3.6523
13 | -3.375
14 -3.1121
15 -2.8633
16 -2.6281

O GO =] SO O s | O B2 —

=0. 04-sum (A1:A100) [v]x
B1D o
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Find Ji x’dx using 100 centred rectangles

AX =0.04. Use points —1.98, -1.94, 1.9, ..., 1.98
Area~ 0.04 x [f (-1.98) +f(-1.94) +f (-1.9) + ... + £ (1.98)]

= 0 units?
c Draw the graph of y = X* and explain the result in part b.
y
30 _.
20 4 /
10 /
.-"'-/,
T T —— & T T 1 X
-3 27 12
-10
20 4
-30 -

The ‘area’ as calculated using the y values for —2 < x < 0 is negative but has the
same area as that for 0 < x < 2 but this region has a positive value.

They cancel to give zero.
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*Unsaved —

® A x B height [©area P total o

1 1.025| -3.04938|-0.1524... | -7.33375
2 1.075| -3.14438|-0.1572...
3 1.125| -3.23438/|-0.1617...
4
&

1.175] -3.31838/-0.1656...

1.225| -3.39938 |-0.1699...
D2 ‘ 4 l -

£ File Edit Graph Calc
=B EIREE TIE

[~

A B | C

1 -3.0494[F7.3338

2 |-3.1444

3 |-3.2344

4 |-3.3194

5 |-3.3994

6 |-3.4744

7 |-3.5444

8 |-3.6094

9 |-3.6694

10 -3.7244

11 -3.7744

12 -3.8194

13 -3.8594

14 -3.8944

15 -3.9244

16 -3.9494

=0. 05-sum (A1:A40) [v[x
B1 -7.33375 L@

Evaluate f(xz —4x)dx using 40 centred rectangles.

2

AX = =0.05, so width = 0.05
40
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Counter y=x —dx Counter r=x—dx

1 1025 | -3.0494 21 2025 |-3.9994
2 1.075 | —3.1444 22 2075 | -3.9944
3 115 | 32314 3 2125 | -3.9844
3 1175 133104 24 2175 | -3.9694
5 1535 153994 25 2225 | 39494
7 TATS — pr K
6 1275 | 34744 2 2275 | 39244
27 2325 | -3.8944

7 1325 | -3.5444
28 2375 | 38594

8 1375 | 36094
_ 29 2425 | -3.8194

9 1425 | -3.6694
30 2475 | 3.7744

10 1475 | 37244
31 2525 | 37244

525 — 44
1 1325 | 37144 32 2575 | -3.6694

) |75 — 2
12 175 | 381 33 2625 | -3.6094

25 | —3.850:
1B 1.625 | —3.8594 34 2675 | 35444
14 1675 | —3.8944 15 755 T3
13 1725 | —3.9244 36 2775 | -3.3994
16 L775 | —3.9494 37 2825 |-33194
17 1.825 1 -3.9694 38 1875 | 32344
18 1875 | -3.9844 39 2925 | -3.1444
19 1925 | -3.9944 40 2975 | -3.0494

20 1975 | -3.9994 sum= —146.675

The ‘area’ under the curve is all below the x-axis for 1 <X < 3 so the answer to

the calculation will be negative.
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10

10

v = 6t — t? m/s and the initial position is at X = 0

()]

AXx = 0.5. Use points 0.25, 0.75, 1.25, ..., 3.75

Area~ 0.5 x [ (0.25) + (0.75) + f (1.25) + ... + £ (3.75)]
=26.75 units’

4 t !
j6t—t2dt= 3t —
0 3

0

:(48—63—4j—(0—0)

=26zm
3
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Concepts and techniques

1 a i f dx = 1 x [f(1) +£(2) +f(3)]

=13+22+3°
- 36

.. 6

i L x*dx ~ 1 x [f(4) +f(5)]
=43+53
~ 189

i jf Cdxx 1 x [f(1) +£(2) +£(3) + f(4) +£(5)]
=P +2°+33+43+5°
- 225

b j4x3dx+j6x3dx=36+189:225:j6x3dx
1 4 1

.[16 x>dx :_[14 x3dx+_|‘46 x*dx

2
1 0 3 0.12| 8.5872
2 0.04| 3.0016|0.120064
3 0.08| 3.0064|0.120256
4 0.12| 3.0144|0.120576
5 0.16| 3.0256|0.121024
D2 ‘ 4 l | 4
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1 2 7 0.28| 24.4272

2 2.04) 7.1616/0.286464
3 2.08| 7.3264|0.293056
4 212 7.4944|0.299776
S 2.16| 7.6656|0.306624
D2 | 4 l 4

*Unsaved <

1 0 3 0.12| 33.0144
2 0.04| 3.0016|0.120064
3 0.08| 3.0064|0.120256
4 0.12| 3.0144|0.120576
s 0.16| 3.0256|0.121024 N
D2 ‘ - l > |
# File Edit Graph Calc # File Edit Graph Calc # File Edit Graph Calc
3] & [ =] [ea]in] > [es] e Jeo[ =] [efin]+T> [e] & Jas] =] [e3]im] [~
A B C A B C A B C
1 3] 8.5872 1 7]24. 4272 1 3B3.014
2 | 3.0016 2 | 7.1616 2 | 3.0016
3 | 3.0064 3 | 7.3264 3 | 3.0064
4 | 3.0144 4 | 7.4944 4 |3.0144
5 | 3.0256 5 | 7.6656 5 | 3.0256
6 3.04 6 7.84 6 3.04
7 | 3.0576 7 | 8.0176 7 | 3.0576
8 | 3.0784 8 | 8.1984 8 | 3.0784
9 |3.1024 9 | 8.3824 9 |3.1024
10 | 3.1296 10 | 8.5696 10 | 3.1296
11| 3.186 11| 8.76 11| 3.16
12 | 3.1936 12 | 8.9536 12 | 3.1936
13 | 3.2304 13 | 9.1504 13 | 3.2304
14 | 3.2704 14 | 9.3504 14 | 3.2704
15 | 3.3136 15 | 9.5536 15 | 3.3136
16| 3.36 16| 9.76 16 | 3.36
3 [vIX] |7 (v [X] |=0. 04-sum (A1:A100) [v[X
A1 o A17 @ B1 33.0144 |
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a i joz(x2 +3)dx ~ 8.58
i L“(x2 +3)dx ~ 24.43
ii j:(xz +3)dx ~ 33.01
2 4
b jo (X2 +3)dx+L (X* +3)dx =8.58+24.43 =33.01

4
jo (x* +3)dx = 33.01

They are exactly the same.
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3 a Ll x*dx + f x*dx = I; x>dx
b jl4(x+1)dx+j47(x+1)dx - _[17(x+1)dx
C .[_Oz(x3 —x—l)dx+.|‘02(x3 —x—l)dx:fz(x3—x—l)dx

d j02(2x+1)dx+j23 (2x+1)dx = jj (2x+1)dx

e Ilz6x3dx+_[j6x3dx = '[136X3dx
[ e —ax—Doxr [ (3¢ —ax—Tax= [ (3 ~4x—1)dx
g [Loe-2ix+ [ (¢ -2dx= [ (¢ ~2)dx

3 7 7
h IO 3dx+.[3 3dx:J‘0 3dx
. 2 4 3 4 _ 3 4
i .[1 5% dx+_[25x dx_J.1 5x*dx
' fox=3ydx+ ["@x=3)dx = [ (2x=3)d
i | @x=3dx+ [, @x=3)dx= [ (2x-3)dx
4 a i | P Cdx~332.5
0
. 10
ii I 3x%dx ~997.5
0
b 3x I10X2dXz3x332.5=997.5='[103X2dx
0 0

j;03x2dx = 3J.010 x*dx
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2.015| 33.2181|0.996544| 2593.39 2.015| 66.4363 1.99309| 5186.77
2 2.045| 35.7657| 1.07297 2 2,045 71.5314| 2.14594
3 2.075| 38.4672| 1.15402 3 2.075| 76.9344| 2.30803
4 2.105| 41.3295| 1.23989 4 2.105| 82.6591| 2.47977
5 2.135| 44.3598| 1.33079 3 2,135 88,7196 266159

[4]

& File Edit Graph Calc

& File Edit Graph Calc

il e [w[SLI=MET [l s [ ]S [=lmlT-
A B C A B C
1 [33.2181[2593. 39 1 F6.4363)5186. 77
2 135.7657 2 71.5314
3 138.4672 3 [76.9344
4 141.3295 4 82.6591
5 44.3598 5 88.7196
6 47.5652 6 195.1304
7 50.9533 7 1101.907
8 54.5318 8 1109.064
9 58.3086 9 1116.617
10 62.2918 10 124.584
11 66.4898 11 132.980
12 70.9111 12 141.822
13 75.5645 13 151.129
14 80. 4591 14 160.918
15 85.6042 15 171.208
16 91.0091 16 182.018
[v]x 10629803362243/1600000/v | X
B2 @ A1 66.43627101 L
a i

b 2j25 x5dx=2x2593.39=5186.78zJijde

Jj x’dx ~2593.39 using Ax = 0.03 and points 2.015, 2.045, etc., to 4.985

sz5dx ~5186.77

LS 2X°dx = 2LS X dx

© Cengage Learning Australia 2014
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A 2
6 a i j] 3xdx ~4.125
i [2x’dx ~3.938
2
iii .[1 (2x* +3x)dx ~ 8.0625
2 2 2
b jl 2x2dx+jl 3xdx =4.125 +3.938 = 8.063 = jl (2% +3x)dx

_[12 (2x* +3x)dx = jfzxzdx+f3x dx

2 2 2
7 a jo (3%’ +2)dx+jO 2xdx = jo (3x* +2 +2x)dx
2 2 2
b j] x3dx+jl (2% =3x +1)dx :L (3%* —3x+ 1)dx
c jll 2x* +3)dx + j'l (¢ = x2 —4)dx = j‘l 2x* + X —x* ~1)dx
d Ij(xz +4x—3)dx+j03(x2 ~x—T)dx :_[;(sz +3x—4)dx

e fzxdx+f7dx:I15(2x+7)dx
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Reasoning and communication
8 a [ I; x*dx =270
ii E x*dx = 61.5
ii j:(x3 ~x)dx ~208.5
b ['xdx-[ xdx=270-61.5=208.5= [ (x' - x")dx

s j:(x3——xz)dx::j;x3dx——j;x2dx

9
*Unsaved <
@ x B height |©area P total '
1 1.02| 1.06121/0.021224| 20.2608
2 1.04| 1.12486|0.022497
3 1.06| 1.19102| 0.02382
c) 1.08| 1.25971|0.025194
: 1.1|  1.331| 0.02662
D2 [«]»
& File Edit Graph Calc £ File Edit Graph Calc
't e [ =] ][]~ 2] e [ ]=] [ ][>
A B C A B C
1 33.2181/2593. 39 1 [66.4363]5186.77
2 [35.7657 2 [711.5314
3 [38.4672 3 [76.9344
4 [41.3295 4 [82.6591
5 |44.3598 5 188.7196
6 (47.5652 6 |95.1304
7 [50.9533 7 1101.907
8 [54.5318 8 [109.064
9 [58.3086 9 116.617
10 [62.2918 10 [124.584
11 |66. 4898 11 [132.980
12 [70.9111 12 [141.822
13 [75.5645 13 [151.129
14 80. 4591 14 [160.918
15 [85.6042 15 ]171.208
16 [91.0091 16 /182.018
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a f X ~ 20.26
b
3
3.3 L3
c Lxdx=—Lxdx
d

et
j‘x%jx:[x—} ~L(1-81)=-20.26
; 4] 4

fb FOdx+ I: f(x)dx = j f(x)dx =0

.[: f(x)dx = —Iba f (x)dx

10 v =6t —t>m/s

Distance travelled = I: 6t —t*dt ~30.75 m

© Cengage Learning Australia 2014
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Concepts and techniques

1 a
10}
=90
{_:n =
E‘.
Tt Interval Area
i [0. 0] 0
4 [0, 1] 9
; [0.2] 18
lr [0, 3] 27
1 2 3 4 5= [0, 4] 36
A(x) & p
40 ) e
/{/
30 //,,/
e
20 e
].0 /f///(
/’/f((
= X
1 2 3 4 5
b A(X) = 9x
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c

Y
25
20
15
10
5
1 3 4 -
A(x)
25
Interval | Area
20
[0. 0] 0
[0. 1] 3 e
[0, 2] 12 10 /
[0. 3] 27 5 /
[0, 4] 48 i
1
A(x) =3x?

© Cengage Learning Australia 2014
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© Cengage Learning Australia 2014

TI-Nspire CAS

fllx)=4-x+3

e

j6 67

ClassPad

£ File Edit Type ¢

R E S
Isheet1 [Sheet2 [Sheet3 |Sheet4 |Sheet5 |
My1=4-x+3 — [y
(lv2:0 .
[]¥3:0
[]v4:0
[ ]¥5:0
[[]v6:0
[ |¥7:0 v ]
/s
/ x
-3 —-= = 0 z
/.
/
&%
Red Real Lo
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Interval | Area
[0, 0] 0
[0, 1] 3
[0, 2] 14
[0, 3] 27
[0, 4] 44

£ Edit Calc SetGraph e

area

list1 list2 list3
1 0 0
2 1 5
3 2 14
4 3 27
5 4 44
B L]
Cal» | |
[ B]=
s /|
i) 1 z ]
2+X"2+43+x
Rad Decimal

c A(X) = 2x* + 3x

© Cengage Learning Australia 2014
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QD

(on

(@]

o

D

QD

(on

(@]

o

D

A3

3

1

© Cengage Learning Australia 2014

—(55 —35)=576.4

1
2(44 —34)=43.75

1 2
g(63—13)=71g
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6 a jj x5dx=[x— =%(66 ~2%)=7765.33
. X0 4 1
b L x"dx:[— 25(410_110):104 857.5

6
c jjxdx:[’ﬂ :%(62—42):10

3 x* 1
e L X>dx = kl =Z(34 ~2')=1625
f j4x4dx=_x—5_4=l(45—15)=2046
! 5] 5 '
fdx=| X 5—1(52—22)—105
: 27 2 2 o

83 1
h j: x%ﬂx:[%} =§(58—38)=48 008

10 72
i ]zxgdx: X } =i(2‘°—1‘°)=102.3
1

10| 10
6 T
i j Xdx=| = | =—(6°=3°)=76545
3 6] 6

Reasoning and communication
7 a i S=t*m/s, Ss =25 m/s
i Si0 =100 m/s
: ] 1
b Distance travelled = I t’dt=| — :—(53 —0) =41.67 m
0 3 3

0

3 10
C Distance travelled = I:Otzdt = {%} = %(103 —53) =291.67m

5
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70
60

50

30
20 y £

10 y.

*Unsaved —

S 190.833

(2- t2+45. :+9)dt P Decimal
0

£ Edit Action Interactive

(g [lkafsme o [ T T

5
f 28~ 2+5¢4+9d?
0

190. 8333333

jos (2t + 5t +9)dt = 190.83
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b Distance travelled I;(2t2+ St+ 9) dt=19033 m

c Distance travelled Ls(zt%r St+ 9) dt=123.33m

10 a a=t m/s>, a = 8§ /s’

b v=j:t3dt:4 m/s

c v=j24t3 dt = 60 m/s
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Concepts and techniques

() (on

o

D

—

«©«

>

N s

N
QD

(on

(@]

o

D

j4xdx [2x] ~16
j027x6dx =[x7](2) ~128
Lz4x3dx = [x“lz =15

4

I;(zx—l)dx [x —x] 4 2)

I04(x+2)dx = {§+2x} =(8+8)—(0)=16

0
5 _ P 5_ _
[ (6x=35)dx=[3x" =5x] =(75-25)-(3-5)=52
! . L1 1
I(x3—3x2+l)dx: X% yx :(——1+1j—0:—
0 4 , 4 4
3 XX X2 ’ 9
I(xZ—x—2)dx:[————2x} =(9———6j—0=—1.5
0 3 2 . 2
2 2
[ 8 =5)dx =] 2x" =5x] =(32-10)—(2-5)=25
| ¥ X ] (11 13
I(x4—x2+l)dx :{———+x} :(———+1j—0:—
0 503 ) 53 15

[ o[0T - hs-0)-1}

[ (3x* + ax)dx = [x3 +2¢ ] =(1+2)~(-1+2)

IZ(XZH)dX{X—}H} =[§+2j—(_—1—1]:6
B 3], 3 3

f2(4x3 - 3)dx = x* —3x]i2 =(81-9)—(16+6) = 50

2

3 2 0 _
Io(x2+3x+5)dx: X3 sy :(0)—[—1+§—5j:3é
s 302 . 302 6
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_[:exdx :[ex]z =e' -1

I35exdx:5[ex]l3 :S(e3 —e)=5e(e2 —1)
2

j(ze +x)dx{2e +7L (26" +2)-(2) =2¢”

Ls(eX —l)dx:[ex—xl5 :(e5 —5)—(e—1):e5 -e—-4

4

4
J';(x3 —ex)dx{%—ex}2 =(64-¢')-(4-¢)=60-¢ +¢’

2

IOZ cos (X)dx = [sin(x)]g =sin (gj —sin(0)=—=

ancooe=—femtonf 5o 3] {57~

p—
|

[
Il

N

.[on3Sin(X)dXZ_3[C°S ;] =3[ cos(m)-cos(0)]=-3(-1-1)
oo =m0 23 3] 1)
E7sin(x)dx:—7[cos(x ]0% =—7{cos(gj_cos(0)} = 7(0-1)=7
Ion[“sm(x)]dx{%Z—COS(X)T{%2—(—1)}—(0—1):%2”

0

[aa

.[E[COS(X)—Sin(X)]dXZ[Sin X _COS(X)]g

[I fj (0-1)= f—1=ﬁ_1
e[ 5] (5125

I[2sm +3c0s(x dx = [ZCOS )+3sin(x)]0§x

)
I [sm +3X [ cos X J
=[-

cos 3 +27] [ cos +1}=27.53
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6 a Ion3cos(x)dx=3[sin(x)]z =3[sin(n)—sin(0)]=0
b J‘311(:()s(x)dx=[sin(x)]:37r :{sin(‘%ﬂj—sin(n)}z—g

T

c jj§n3sm(x)dx = —3[cos(x)]}z = —3[cos(3§j—cos(2?nﬂ =-3[0-(-0.5)]=-15

3 3

R e U e
e Ll?zsin(x)dx = —2[cos(x)]:7n

= —2{005(%)—c05(n)} - —2{?—(—1)} =-\3-2

Reasoning and communication
7 a jj(Zx—l)dx+Ls(2x—1)dx:jj(zx—l)dx{xz—x]z - 20
2

4
Ljexdx+'|‘:xdx=J'04(eX er)dx:{eX +X7l :(e“ +8)—(e° +0)=e*+7

(on

c Iogcos(x)dx— jfzsm(x)dx = Iog[cos(x)—2sin(x)]dx
= [sin(x)+ 2cos(x);
= {sin(%)+ 2cos(gﬂ—[sin(o)+2cos(o)]
-(3+45)-

=3-15
1
8 a —X[tan(x)] = 05’ (%)
3 — 3 T_ Z = -
b L COSZ(X)dX—[tan(X)}Z—tan(?)j tan( ) -1

© Cengage Learning Australia 2014 ISBN 9780170254663 67



9 a i(e“x) = 4e™
dx

b _[03 4e™*dx = [e“ ]z =e” -1

c jje“xdx =%x[e‘“]z = 6124_1

10 v=%=3t2+2t—5cm/s

a Vo =-5 cm/s
b x=[(3t* +2t—5)dt =’ +t* =St +c
Att=2,x=3=3=8+4-10+c,soc=1
Xx=t"+t> =5t+1
c Xs=125+25-25+1
X5 =126 cm
d v=3t"+2t—5cm/s
a=6t+2 cm/s’
a3 =20 cm/s?
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Concepts and techniques

1 [ (ax+1)dx=[2x* +x] =171-78 =93

R
2 [ed=| 2| =1(279)=93
4 i 3 1, 3
5 4 T 1
3 [(xdx=] = | =—(624)=156
! 4] 4
5 X3 > (125 8
4 j(x2+3)dx= 2 4 3x =(—+15j—(—
2 3 . U3
5 The area is all above the x-axis

y

S3f2-1112345X

¢ T (256
J.:(x3 +9)dx :[XT+9XL =(T+36j—( 2
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2 4
['(7x—x ~1)dx= XXy =(56—ﬁ—4J—(1—1—1j=(303
1 ! 3 273 3

= 28.5 units?

7 y=6X>+2x* +3

y

w 5 2 B ¥ 8 &

3x*

1 23456789 KX

2x°

8
j8(6x3+ 2% + 3)dx= 43X =(6144+34ll+24J—(24+
: 2 3 | 3

= 6474 units®
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c
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8 y=x>-5x+2
1 /
®
5 /
K]
)
0 /
3
] 7
>
i)
b
D
SN2 3A567890D 1 %
10 5% 1000
J’ (¥*=5x+ 2)dx=| - —=—+2x| =|——-250+20
6 '3 2 ] 3
1 .,
= 109— units
3
Reasoning and communication
9 a

Y
30 _
20+ f
10+ /
I T = & — T 1 X
e B | ] 1 2 3
—-10
=20
=30 -

ISBN 9780170254663
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e Area = 8 units®

f As the function is below the X-axis, the y values are negative so the ‘area’ in that

part is given as negative. The area is |-4| +4 =8

10 a f(x) = x> — 10x + 16

y
20

1J
10\

)

-5
-10

Negative.

3 7
b " —10x+16)dx = | -~ 5x> +16x
3 3

3

=(114%—245+112j—(9—45+48)=—30§

C Area = 30.67 units?
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Multiple choice

1 B Ax = 0.5 and using points 1.5, 2, 2.5, 3 gives 0.5(1.5% + 2° + 2.5% + 3?)
2 D AX =1 and using points 0.5, 1.5, 2.5, 3.5, 4.5
gives I x [(0.5°+ 1)+ (1.53+ D+ 2.5+ 1)+ (3.5 + 1) + (4.5 + 1)]

3 D I24(3x3 —5x? +4x+1)dx—.|.24(x3 + x> —5x - 3)dx
4
=.[2 (3X’ =5%* +4x+1) = (X’ + x> = 5x—3)dx
4
= L (2%’ —6X* +9x +4)dx

2

4 D [ -6x+S)dx=[4x 3% +5x] " =(32-12+10)(-32-12-10) =84
3 4
5 C The area = '[4(X2—1)dx={x——x} :(ﬁ_4j_(§_2j:162
2 3 , 3 3 3

Short answer

6 a Distance travelled = 75 x 8 = 600 km

Velocity, v
80t
T+
60+
50+

40+
30+
20
104

123456 7 8 Timet
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7 The approximate distance travelled by a particle between 1 and 5 seconds

=3x(5-1)=12m

8 y=x

a _}‘
6
s
2

3 2 i . X 2 3
2
ad
o
5

Area~02(1°+1.2°+ 1.4 +1.6°+ 1.8%)
= 3.08 units?
9 y=x>-2x+1

y

6,,

5

4

3,,

2,,

1,

1 2 3 X
a i Area ~ 0.5[f (1) +f (1.5) + (2) +  (2.5)]
= 0.5[0 + 0.25 + 1 +2.25]
=1.75

i Area ~ 0.5[f (1.5) +f (2) + (2.5) + (3)]
= 0.5[0.25+ 1 +2.25 + 4]
=3.75
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*Unsaved <

® " x B height | area [P total '
1 1 0 0.| 2.5872

2 1.04| 0.0016|0.000064

3 1.08/ 0.00640.000256

4 1.12| 0.0144)0.000576

> 1.16| 0.0256|0.001024
D2 ‘ “ l b

#¢ File Edit Graph Calc

(e] s Jao[= ][] - T~

A B C
1 0 2.5872
2 | 1.6e-3
3 | B.4e-3
4 | 0.0144
5 | 0.0256
6 0.04
7 | 0.0576
8 | 0.0784
9 | 0.1024
10 | 0.1296
11 0.16
12 | 0.1936
13 | 0.2304
14 | 0.2704
15 | 0.3136
16 0.36
[vIX
B2 |

AX =2+ 50=0.04, so width = 0.04
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Counter y=x—2x+1 Counter y=x'-2x+1
1 1 0 26 2 1
7 104 | 00016 27 204 | 1.0816
3 108 | 0.0064 28 208 | 1.1664
y 112 Toolda 29 212 | 12544
5 16 T0035€ 30 216 | 1.3456
31 22 | 144
6 12 004
- 57 To057¢ 32 224 | 15376
3 58 100782 33 228 | 1.6384
4 I A7
9 132 | 0.1024 3 232 | 17
5 2 :
10 136 | 0.1296 3 236 | 18496
36 24 | 196
11 14 016
37 244 | 2.0736
12 144 | 0.1936
38 248 | 2.1904
13 148 | 02304
39 252 | 23104
14 152 | 02704
40 256 | 2.4336
15 156 | 03136
41 26 | 256
16 16 |036
42 264 | 2.6896
17 1.64 | 0.4096
43 268 | 2.8224
A
18 1.68 | 04624 44 272 | 29584
2 518:
19 172 05184 45 276 | 3.0976
2 3
20 1.76 | 0.5776 P TR
B A
21 18 064 47 284 | 33836
22 1.84 1 0.7056 48 288 | 3.5344
23 188 | 0.7744 49 292 | 3.6864
24 192 | 0.8464 50 296 | 3.8416
25 1.96 | 09216 sum=  64.68

Area = 0.04 x 64.68 = 2.5872 units®
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10 y =X
i > 3x

a The approximate area under the curve y = x> between X = 0 and X =2 using
= 0.25[f(0) +f(0.25) + f(0.5) + ... + f(1.75)]
=2.1875

b The approximate area under the curve y = x> between X = 0 and X = 2 using
= 0.25[f(0.25) + f(0.5) + ... + f(2)]
=3.1875

c The approximate area under the curve y = x> between X = 0 and X =2 using
=0.25[ 1(0.125) + f(0.375) + (0.625) +..... + f(1.875) ]
= 2.656 25
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11

® Ay B height ©area O total '
0 0 0.| 6084

2 0.1/ 0.001 0.0001

3 0.2/ 0008 0.0008

d 0.3| 0027 0.0027

5 04| 0.064 0.0064 =

D2 ‘ 4 | 2

£+ File Edit Graph Calc

[e] & Jao =] [e]im] - T~
A B i
1 0/ 60.84
2 1e-3
3 8E-3
4 0.027
5 0.064
6 0.125
7 0.216
8 0.343
9 0.512
10 | 0.728
11 1
12 1.331
13 1.728
14| 2.197
15| 2.744
16 | 3.375
v X
B2 om

The approximate area under the curve y = x> between X = 0 and X = 4 using
40 left rectangles, using AX = 0.1
~0.1x[fO)+f(0.1)+f(0.2)+...+f(3.9)]

= 60.84 units®
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12

B height [Carea P total '
1 0 0 0. 40375
2 0.5 125 0625
3 . 3. 1.5
4 1.5 525 2625
3 8. 4
D2 ‘4\b

£+ File Edit Graph Calc

] o ]

HEmos

A B C
1 0| 403.75
2 1.25
3 3
4 5.25
5 8
6 11.25
7 15
8 19.25
9 24
10| 29.25
11 35
12| 41.25
13 48
14| 55.25
15 63
16 | 71.25
[v]X

B2

jom(x2 +2%)dX = 0.5[f (0) +f (0.5) + f (1) + ... + £ (9.5)] = 403.75
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13

© Cengage Learning Australia 2014

TI-Nspire CAS

ClassPad

£ File Edit Type

HEENEEE el

13f¥

A

o ! 1 2 = 4 5
EIE

Sheet1|Sheet2|Sheet3 | Sheet4 |Sheet5 |

My1=3-x+2 [—]n

[y2:0 .

[]¥3:0

[]v4:0

[]v5:0

[]v6:0

[y7:0 7]

Rad  Real T
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a y=3x+2forx=0to5

y
20

15

10

Interval | Area
[0. 0]
[0.1]
[0, 2] 10
3]
4]

[0,
[0,

Ax)
40

301
20

10

© Cengage Learning Australia 2014 ISBN 9780170254663 81



area

24

16

‘ﬁ 1.2 i4 *Unsaved < ol |
32

y= 1_5-x2+2.-x+0.

0.0 1.0 20 3.0 4.0

T T L) T T T T T T

X

& Zoom Analysis Calc & (%]

listl  [list2  [list3
1 0 0
2 1| 3.5
3 2 10
4 3| 19.5
5 4 32
B
Cal»
[ 4= 19.5
S
ot : 5 8 —
2+x"2+3+x] IESES
Rad  Auto L

A(X) = 1.5%* + 2x
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% a i [ @ +Ddx = 0.5f (1.5)+(2)] = 7.25
i [ @C +Ddx ~ 05[f (2.5) +1(3) +... +f(4)] = 45.5
i [ @¢ +1dx = 05[F (15) +£ () + ... +f(4)] = 52.75
b Showthat [ (2 +Ddx=[ (2x* +1)dx+ [ (2x* +1)dx
['@% +ndx = 52.75
2 4
L x> +dx + L (2x> +1)dx = 7.25 +45.5 = 52.75

_[14(2x2 +1)dx = Lz (2x? +1)dx+j24(2x2 +1)dx
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15

+ c = —
Unsaved < *Unsaved <~

o x B height Carea D total ' €A x B height |Carea |P total |
2 4 0.24| 166.204 1 2 24 1.44| 997,222
2 2.06 4.2436 | 0.254516 2 206! 254616 1.5277
? 2.12|  4.4944/0.269664 3 2.12| 26.9664| 1.61798
: 2.18] 4.7524/0.285144 4 2.18| 28.5144) 171086
3 2.24| 5.0176/0.301056 5 224| 30.1056 1.80634
2 ‘ 4 l » D2 | 4 \ 3
£ File Edit Graph Calc £ File Edit Graph Calc
it e [a [ =] 2]+ T> [ & [ =] [o]un] -
A B C A B C
1 4/166. 204 1 24|1997. 222
2 41,2436 2 [25.4616
& 41,4944 3 |26. 9664
4 | 4.7524 4 (28.5144
5 | 5.0176 5 |30.1056
6 5.29 6 31.74
Y | 5.5696 T 133.4176
8 | 5.8564 8 |35.1384
9 | 6.1504 9 |36.9024
10 | 6. 4516 10 |38. 7096
11 6.76 11 40. 56
12 | 7.0756 12 |42. 4536
13 | 7.3984 13 |44. 3904
14 | 7.7284 14 46. 3704
15 | 8.0656 15 |48. 3936
16 8.41 16 50. 46
[vIx] |24 [v[X
B2 T A1 24 T
a i Use AXx =6 + 100 = 0.06 and use points 2, 2.06, etc.

j: x2dx = 0.06(2* +2.06” +---+7.94) = 166.204 units’
i Use Ax =6 + 100 = 0.06 and use points 2, 2.06, etc.

j:6x2dx —0.06x 6(22 +2.06% +--+ 7.942) = 997.222 units>
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b LS x2dx =166.204 units>

8
L 6x2dx =997.222 units>
6x166.204 = 997.222
I86x2dx = 6.[8 x2dx
2 2
16 a i I]2X3dxz0.25><(13+1.253 +1.5+1.75)=2.92
i Ilz2xdxz0.25><(2><1+2><1.25+2><1.5+2><1.75)=2.75
i [T +2x0dx

z0.25><(13 +2x14+1.25 +2x1.25+1.5 +2x1.5+2° +2><1.75)
=5.671875

2
b jl (X +2x)dX ~ 5.67
2 2
j] X dx + J. 2xdx =2.92+2.75=5.67

_[12 (X +2X)dx = jlz X dx + fzx dx
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2 3
b fxdx{ﬂ —45-05=4

1

3, g x> 3x° ’
¢ [ ¢ +3x-4)dx= TS| =(9+135-12)-(0)=105

0

d I12(3x—2)dx={%—2x} =(6-4)-(1.5-2)=2.5

1

18 j: 3e*dx = [3eX]; =3¢" —3e’ =3¢’ -3
19 a J.Ozsin(x)dX=—[cos(X)]§ =—{cos(%)—cos(0)}=l—%

 rm-mf-fof 5 (3£

6

20 a
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b f(x) =3x> —2x — 1

I;( 3x* — 2x—1) dx:[x3—x2—x]z
=(125-25-5)—(8-4-2)

=93 units?

Application

21 a v =3 cos (t) cm/s
vi=3 cos (1) cm/s = 1.62

b Distance travelled in the first second

= J.Ol3cos(t) = 3[sin (t)}; =3sin(1)—3sin(0)=3sin(1) = 2.52
¢ [ 73cos(t)=3[sin(t)] =3sin(0.9)~3sin (0.6) = 0.66

99 a i(ijzlxe —e'x _1-x
dx \ e*
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23

15+

10+

2 3 4 5x
5+

a Negative
b Positive
4 4
43 2 X 3 2
c Io(x —6X~ +12x—8)dx T—zx + 6X —8x}
0

= (64-128+96-32)~0
. .

4 2
d 2(x3—6x2+12x—8)dx: X 2%+ 6% —8x
0 4

0
=(4-16+24-16)-0
=—4
e The area between f(X) = x> — 6x*> + 12x — 8 and the X-axis from X =0 to X =4
is 8 units® because it is anti-symmetrical about X = 2.
f Because the algebraic area is —4 + 4 = 0, but the physical area is 4 + 4 =8,

as it cannot be negative.
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